Cubic Splines
Given a function f defined on |a,b] and a set of nodes a = x5 < xy < -+« <

X, = b, a cubic spline interpolant § for f is a function that satisfies the following
conditions:

(a) S(x) 1s a cubic polynomial, denoted §;(x), on the subinterval [x;,x;+;] for each
J=01,....,n=1.

(b) S;(x;) = f(x;) and 8;(x;+1) = f(x;+1) foreachj =0.1,.... n-—1:
() Sit1(xjx1) = §;(xjxy) foreachj =0.1,...,n = 2: (Implied by (b).)
(d) S;H(IJ,H) = (H) foreachj=0.1,....n—2;
(e) SHI(I 1) = (H])ﬁ:u eachj=0,1,....n-2:

(f) One of the following sets of boundary conditions is satisfied:

(i) §"(xp)=8"(x;,) =0 (natural (or free) boundary):
(i) S'(x)=f'(xp) and §'(x,) = f'(x,) (clamped boundary).
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Example

Construct a natural cubic spline that passes through the points (1.2). (2,3), and (3.5).

Solution This spline consists of two cubics. The first for the interval [ 1, 2]. denoted

So(x) =ap+bo(x — 1) +colx — > +do(x — 1)°,

and the other for [2, 3], denoted
Si(0) =ay +by(x=2) + ey (=20 4y (x - 2)°.

There are 8 constants to be determined, which requires 8 conditions. Four conditions come
from the fact that the splines must agree with the data at the nodes. Hence

2=f)=a, 3=fQ)=a+bo+co+dp. 3=f(2)=a. and
SZf(3)2H1+bl+C]-|-d].



Twwo more come from the fact that §,(2) = §;(2) and §3(2) = §7(2). These are
S5 =82 by+2e43dy=b and  S52)=5/2): 2co+6dy =2
The final two come from the natural boundary conditions:

S§5(=0: 29=0 and §(3)=0: 2e146d =0,

Solving this system of equations gives the spline

2430 1)+ 5017 forxe[1,2]
S(I): S j 2 j 7
34+300=2)+300=2)" = z(x=2), forx € [2,3]



Construction of a Cubic Spline

S;(x) = a; + bj(x — x;) + ¢j(x — xj)* + d;(x — x;)’ j=0.1,....n—1
Si(xj) = a; = f(x;)
Applying condition (c) in definition of a cubic spline:

ajp1 = Si1(x21) = Sia1) = @ + b1 = x) + (et — %) + di(xjer —x)°

hj = Xjp1 — X; ji=0,1,....n—1
we also define a, = f(x,).

j=0.1.....n—1



define b, = S’ (x,,)

Si(x) = bj + 2¢j(x — x;) + 3d;(x — x})°
S;{Ij]:bj Jj=0.1.....n—1
Applying condition (d) gives

bi+1 = bj + 2cjh; + 3djh?. (3.16)

j=0.1,.... n— 1
define ¢, = S"(x,)/2
applying condition (e)

Cir1 = ¢j + 3d;h;. (3.17)



Solving for d; in Eq. (3.17) and substituting this value into Egs. (3.15) and (3.16) gives,
foreachj =0,1,...,n— L, the new equations

h?
01 =01+ bl + 06+ 1) 318)

and
bis1 = b+ hi(c; + ¢j1). (3.19)

The final relationship involving the coefficients is obtained by solving the appropriate
equation In the form of equation (3.18), first for by,

h |
b= —(aj11 —a) - %(Efj +¢11), (3.20)



and then, with a reduction of the mdex, for by_y. This gives

Substituting these values into the equation derived from Eq, (3.19), with the index reduced
by one, gives the [inear system of equations

3] j)

J J

it + 20 G 600 = 2 Gt =) =~ =) O]
J J-|

j=1.2...n—1



e oo SR n - !
This system involves only the {Cj}jz{} as unknowns.

So once the values of {fj}}Lﬂ are determined, it is a simple matter to find
(b;}'Zy from Eq. (3.20) and {d;}'=) from Eq. (3.17).
The major question that arises is whether the values of {¢;}i_, can be

found using the system of equations given in (3.21)



Natural Splines

Theorem

If f 1sdefined ata = xp < x; <+ < x, = b, then f has a unique natural spline interpolant
§ on the nodes xp, x1, ..., X;; that s, a spline interpolant that satisfies the natural boundary

conditions §"(a) = 0 and §"(b) = 0. i

Proof - The boundary conditions in this case imply that ¢, = §"(x,)/2 = 0 and that
()= Sﬂ(xn) = 2co + 0dy(xg - xp),

50 ¢p = (. The two equations ¢y = 0 and ¢, = 0 together with the equations i (3.21)
produce a linear system described by the vector equation Ax = b, where A is the (n+1) x
(n+ 1) matrix
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Matrix A is strictly diagonally dominant. A linear system with a matrix

of this form has a unique Solution.



Example
Use the data points (0. 1), (1.e). (2.€?). and (3. ¢’) to form a natural

spline S(x) that approximates f(x) = e".
Solution
Sj(x) = a; + bj(x — x;) + ¢ (x — x;)* + dj(x — x;)° J=0.1....n—1

n=3hy=h=h=1.ay=1,a, =e.,a, = ¢*, and ay = &’

1 0 0 0 0 ) [ ¢o |
|1 4 10 | 3(e* —2e+1) , e
A=10 1 4 1|° PT |32 +e | M X=1
0 0 0 1 i 0 ] 3




Ax = b 1s equivalent to the system of equations
cp = 0,
co+4cy +cx = 3(.{?2 —2e+1).
c1+4cr +c3 = 3{:33 — 27 + e).

cy = 0.

This system has the solution ¢g = ¢3 = 0, and
] 3 | 6,2
e E(—E + 6~ —Ye+4) &= 0.75685

1
Cy = E(_4@3 —9¢> +6¢ — 1) &~ 5.83007



1 h: |
b = —(aj41 —a) — =(2¢j + ¢jy1). (3.20)
h 3

]
by = —(ay

. 2
h.] + 2c¢p)

1
—(e—1)— ﬁ(—€3+6€2—9€—|—4) ~ 1.46600,

| h
by = —(a —a1) — —(c2 4+ 2¢1)
h 3

= (e’ — e) 12¢ +7) A2 2.22285,

l hg
by = —(a3 — az) — —(c3 4+ 2¢2)
h» 3

1 )
= (& — &%) — 1_5(8‘?3 — 18¢* + 12¢ — 2) ~ 8.80977



Ciy1 = ¢j + 3d;h;. (3.17)

I

dp = —(c1 — ¢p) ——f e —I—f)E' — e+ 4) =~ 0.25228,
3hg

I

(cy —€p) = E(ef" — 3¢ 4+3e— 1)~ 1.69107,

~ 3
dy = %;h (3 — ) = %(-4# +9¢” — 6e + 1) ~ —1.94336
| + 1.46600x + 0.25228". orx €|

S(x)=1{ 271828 4+ 2.22285(x = 1) + 0.75685(x = 1)* +1.69107x =1)*, forx €|
738906+ 8.80977(x =) + 5.83007(x - 2)* - L 94336(xr -2, forx € 2.




lllustration

To approximate the integral of f(x) = " on [0, 3],



3 |
f S(x) = [ | + 1.46600x + 0.25228x" dx
0 0
2 g,
- f 271828 +2.22285(x — 1) +0.75685(x — 1)* + 1.69107(x — 1)° dx
|

3
+ f 738006 + 8.80977(x — 2) + 5.83007(x — 2)* — 1.94336(x — 2)° dx.
2

= 19.55229.

The exact value Is,

3
f ¢“ dx = e — 1 ~ 20.08553692 — | = 19.08553692
0



